Resonance states near a quantum magnetic impurity in single-layer FeSe
  superconductors with $d$-wave symmetry by Chen, Liang et al.
Resonance states near a quantum magnetic impurity in single-layer FeSe
superconductors with d-wave symmetry
Liang Chen,1, ∗ Wei-Wei Zhao,1 and Rong-Sheng Han1
1School of Mathematics and Physics, North China Electric Power University, Beijing, 102206, China
(Dated: April 3, 2018)
In this work, we investigate the local density of states (LDOS) near a magnetic impurity in
single-layer FeSe superconductors. The two-orbital model with spin-orbit coupling proposed in Ref.
[Phys. Rev. Lett. 119, 267001 (2017)] is used to describe the FeSe superconductor. In the strong
coupling regime, two impurity resonance peaks appear with opposite resonance energies in the
LDOS spectral function. For a strong spin-orbit coupling, the superconducting gap in this model is
d-wave symmetric with nodes, the spatial distributions of the LDOS at the two resonance energies
are fourfold symmetric, which reveals typical characteristic of d-wave pairing. When the spin-orbit
coupling is not strong enough to close the superconducting gap, we find that the spatial distribution
of the LDOS at one of the resonance energies manifests s-wave symmetry, while the pairing potential
preserves d-wave symmetry. This result is consistent with previous experimental investigations.
PACS numbers: 74.20.Rp, 74.25.Ha,74.78.-w
I. INTRODUCTION
The magnetic scattering problem in normal metals1
and superconductors2 plays an important role in under-
standing the quantum state of hosting materials. The
interaction between magnetic impurity and conducting
electron states in normal metals leads to the famous
Kondo effects1. In superconductors, the magnetic im-
purity induces the localized Yu-Shiba-Rusinov quasi-
particle states3–5. Like the standard phase-sensitive
tetracrystal measurements6,7 and quasiparticle inter-
ference experiments8–11, the LDOS of the resonance
states near the magnetic (and nonmagnetic) impurity
is an important method to uncover the symmetries
of pairing potentials in unconventional superconduc-
tors, i.e., the high-temperature cuprates12–21, iron-based
superconductors22–24, chiral p-wave superconductors and
topological superconductors25–28, etc.
As one of the simplest iron-based high-temperature su-
perconductor, the iron-chalcogenide compound FeSe has
a transition temperature Tc ≈ 9K at ambient pressure29.
The Fermi surface of FeSe bulk material displays a hole
pocket near the Γ-point and two electron pockets around
the M -point in the Brillouin zone. The neutron scat-
tering measurements30 show that the superconductivity
is driven by stripe antiferromagnetic fluctuations and a
sign-changing pairing symmetry (i.e., s±-pairing) is more
likely. The coexistence of hole pocket and electron pock-
ets in the Brillouin zone is essential for the stripe an-
tiferromagnetic fluctuations. Recently, the single-layer
FeSe films grown on Nb-doped SrTiO3 substrate have at-
tracted much attention due to the remarkable high crit-
ical temperature Tc ∼ 100K31–36. Angle-resolved pho-
toemission spectroscopy (ARPES) measurements show
that32 the energies of fermions near the Γ-point are about
80meV lower than the Fermi energy, which demonstrates
that the hole pocket of the Fermi surface near the Γ-point
is excluded. Various possible pairing symmetries have
been proposed for such systems with only the electron
pockets, e.g., plain s-wave pairing37–39, nodeless d-wave
pairing40,41, new extended s-wave pairing42, etc. The
quasiparticle interference experiment and scanning tun-
nelling microscopy (STM) topograph of resonance states
near magnetic and nonmagnetic impurities suggest that
the pairing potential should be plain s-wave43.
In addition to the non-existence of hole pocket near
the Γ-point, the single-layer FeSe on SrTiO3 has an-
other property being different from the bulk material,
the inversion-symmetry is breaking and the electric field
at the interference will induce a spin-orbit coupling.
Kang and Fernandes have studied the superconductivity
induced by nematic fluctuations in single-layer FeSe44.
They find that the spin-orbit coupling and inversion-
symmetry breaking play important roles in lifting the de-
generacy of s-wave and d-wave pairing symmetries, and
helping to select the s-wave state which is agreement with
experimental results shown in Refs. [43] and [45]. Re-
cently, Agterberg et. al. find another explanation46 for
the superconductivity in single-layer FeSe using a spin-
fermion model coupled to fluctuations of checkerboard
magnetic order. A fully gapped, nodeless, d-wave pair-
ing potential is predicted in this theory if the energy scale
of the relevant spin-orbit coupling is smaller than the su-
perconducting gap. The ARPES results in Ref. [45] are
well explained by this model using proper relevant pa-
rameters. A nature question is, is this d-wave symmetric
nodeless superconductivity proposed in Ref. [46] applica-
ble for the explanation of the s-wave symmetric resonance
states observed by STM43. As far as we know, both the
resonance states near impurities and quasiparticle inter-
ference patterns shown in Ref. [43] are not studied for
the nodeless d-wave pairing potential.
In this work, we study the LDOS of the resonance
states near a magnetic impurity in single-layer FeSe su-
perconductors with d-wave pairing potential. The paper
is organized as follows: we propose the theoretical model
in Sec. II, study the LDOS for different parameters in
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2Sec. III, and give a conclusion in Sec. IV.
II. THEORETICAL MODEL
The total Hamiltonian used to model the magnetic im-
purity in single-layer FeSe is consist of three parts,
H = Himp +Hhyb +Hsc, (1)
where Himp describes the impurity located at R = 0 with
on-site Coulomb interaction,
Himp =
∑
s=↑,↓
εdd
†
sds + Un↑n↓, (2)
εd is the impurity energy, s =↑, ↓ is the spin of the elec-
tron state on the impurity, d†s and ds are the creation and
annihilation operators of the impurity states with spin-s,
U refers to the on-site Coulomb interaction, ns = d
†
sds is
the occupation number operator of spin-s state.
Hhyb =
1√
N
∑
k,s
Vk
(
c†k,sds + d
†
sck,s
)
, (3)
is the hybridization between the magnetic impurity and
the superconducting states, where Vk is the hybridization
energy between the impurity state and the superconduct-
ing state with wave-vector k = (kx, ky). Hereafter we set
the hybridization to be short-ranged, so that it is wave-
vector independent, Vk = V0. c
†
k,s and ck,s are the cre-
ation and annihilation operators of the electron state in
single-layer FeSe with wave-vector k and spin-s. N refers
to the total number of wave-vectors in summation. The
last term in Eq. (1) describes the free Hamiltonian of the
superconducting state46,
Hsc =
∑
k
ψ†k {ε0(k)τ0σ0 + γxy(k)τzσ0
+τx [γy(k)σx + γx(k)σy]}ψk
+
1
2
∑
k
[
ψT−k(∆dτ0 + ∆zτz)iσyψk + h.c.
]
. (4)
Here ψk = (ck,1,↑, ck,2,↑, ck,1,↓, ck,2,↓)T (the superscript T
refers to matrix transpose) is the four-component spinor
description of the electron states with two orbital degrees
of freedom described by τx,y,z Pauli matrices and two spin
degrees of freedom described by σx,y,z Pauli matrices. τ0
and σ0 are the 2 × 2 identity matrices in orbit and spin
space, respectively. h.c. means the Hermitian conjugate.
ε0(k)±γxy(k) are the dispersion of the two orbits. They
are given in the following tight-binding form47,
ε0(k) = t1 [cos(kxa) + cos(kya)]− , (5)
γxy(k) = t2 cos
(
kxa
2
)
cos
(
kya
2
)
. (6)
FIG. 1. (color online) The Fermi surfaces and the anisotropic
superconducting gap on the Fermi surfaces for different spin-
orbit couplings. (a) and (d): vso = 0, (b) and (e): vso =
12meVA˚, (c) and (f): vso = 80meVA˚.
γx(k) and γy(k) in Eq. (4) represent the spin-orbit cou-
plings, they are given by,
γx(k) = −t3 sin(kxa), γy(k) = −t3 sin(kya). (7)
The superconducting gap terms are given by ∆d =
∆2 sin(kxa) sin(kya) and ∆z = ∆0 with ∆0 = 11meV and
∆2 = −2.34meV. a in Eqs. (5)-(7) is the lattice constant,
it is set to be 4A˚ in this work34,48. The other parameters
are chosen as follows, t1 = 171.875meV, t2 = 150meV,
 = −288.75meV, t3 = vso/a, and vso represents the spin-
orbit coupling strength. One can check that, in the con-
tinuous limit, the model Hamiltonian (4) tends to that
given in Ref. [46]. Fig. 1 shows the Fermi surfaces and
superconducting gap on the Fermi surfaces for different
spin-orbit couplings, one can find that they are consistent
with those given in Ref. [46].
Now we study the model Hamiltonian (1). In the
strong Coulomb interaction limit, U → ∞, the double
occupied state of electrons on the impurity can be ex-
cluded. This limit may be represented by introducing
an auxiliary boson operator b to reformulate the cre-
ation and annihilation operators of the impurity states,
3(d†s, ds) = (f
†
s b, b
†fs). The extra degrees of freedom af-
ter introducing these boson operators are restricted by
the constraint Qˆ = b†b +
∑
s f
†
s fs = 1. In the mean-
field approximation, b and b† are replaced by their ex-
pectation value, b0 = 〈b〉 = 〈b†〉, and the constraint is
approximated by adding a term λ0
(
b†b+
∑
s f
†
sfs
)
to
the Hamiltonian, where λ0 is a Lagrangian multiplier, it
renormalizes the impurity energy. Both b0 and λ0 need
to be determined self-consistently by minimizing the free
energy. The mean-field Hamiltonian is given by,
HMF = H˜imp + H˜hyb +Hsc + λ0
(
b20 − 1
)
, (8)
H˜imp =
∑
s
ε˜df
†
sfs, H˜hyb =
V˜0√
N
∑
k,s
c†k,sfs + h.c., (9)
where ε˜d = εd + λ0 is the renormalized impurity en-
ergy, V˜0 = b0V0 is the renormalized hybridization. In the
Bogoliubov-deGennes (BdG) formalism, the mean-field
Hamiltonian can be recast as,
HMF = λ0(b20 − 1) + ε˜d +
1
2
Φ†ΛΦ +
1
2
∑
k
Ψ†khBdGΨk
+
1
2
√
N
∑
k
(
Ψ†kV¯Ψ + Ψ
†V¯ †Ψk
)
, (10)
where Φ = (f↑, f↓, f
†
↑ , f
†
↓)
T and Ψk =
[
ψk,
(
ψ†−k
)T]T
are
the Nambu spinors. The matrices Λ and hBdG are given
by
Λ = ε˜dςzτ0σ0, (11)
hBdG = ε0(k)ςzτ0σ0 + γxy(k)ςzτzσ0 + γy(k)ς0τxσx
+ γx(k)ςzτxσy − ςy (∆dτ0 + ∆zτz)σy, (12)
where ς0 and ςx,y,z are the identity matrix and Pauli ma-
trices in the Nambu spinor space, respectively. V¯ is a 8×4
matrix representation of the renormalized hybridization,
whose elements are given by, V¯ij = V˜0(δi,2j−1 + δi,2j).
Using the standard functional integral techniques, we
find that the free energy is given by,
F = λ0
(
b20 − 1
)
+ ε˜d +
1
2
1
β
∑
n
tr ln [Gf (iωn)] , (13)
where β = 1/kBT is the inverse temperature, kB is
the Boltzmann constant and T represents temperature,
ωn = pi(2n+1)/β is the Matsubara frequency, Gf (iωn) =
[iωn − Λ− Σf (iωn)]−1 is the Green’s function of the im-
purity states expressed in imaginary-frequency represen-
tation, Σf (iωn) =
1
N
∑
k V¯
†G(0)c (iωn,k)V¯ is the self-
energy, and G
(0)
c (iωn,k) = (iωn − hBdG)−1 is the unper-
turbed Green’s function of the electrons in single-layer
FeSe. Minimizing the free energy, Eq. (13), we can find
FIG. 2. (color online) (a) The numerical solutions of b20 as
functions of εd/∆0 for different hybridizations and different
spin-orbit couplings. The blue lines, red lines and green
lines show the results for hybridizations V0 = 1.25∆0, ∆0
and 0.75∆0, respectively. The lines labeled with crosses (×),
circles (◦) and squares () represent the spin-orbit coupling
vso = 0, 12meVA˚ and 80meVA˚, respectively. The results for
vso = 0 and vso = 12meVA˚ are very close to each other.
(b)-(d) show the contour plots of b20 vs. hybridization V0/∆0
and impurity energy εd/∆0 for the three different spin-orbit
coupling strengths, vso = 0, 12meVA˚ and 80meVA˚. The black
lines in (b)-(d) show the boundaries between the isolated mag-
netic moment regime (I) and the strong coupling regime (II).
the self-consistent equations of b0 and λ0,
b20 +
1
2β
∑
n
tr [Gf (iωn)ςzσ0] = 0, (14)
λ0b
2
0 +
1
2β
∑
n
tr [Gf (iωn)Σf (iωn)] = 0. (15)
The LDOS near the magnetic impurity is obtained by us-
ing the analytic continuation, iωn → E + i0+, according
to
Nc(E,R) = − 1
pi
Im
[
Gc(E;R,R)
1 + ςzτ0σ0
2
]
, (16)
where the Green’s function of the conduction electrons
are determined by,
Gc(E;R,R) =
1
N
∑
k,k′
ei(k−k
′)·RGc(E;k,k′), (17)
Gc(E;k,k
′) = G(0)c (E,k)
[
δk,k′ + T (E)G
(0)
c (E,k
′)
]
.
(18)
Here T (E) = V¯ Gf (E)V¯
†/N is the T -matrix, G(0)c (E,k)
is the analytic continuation of G
(0)
c (iωn,k). By solving
4FIG. 3. (color online) The first column: LDOS of the conduction electrons for vso = 0, 12meVA˚ and 80meVA˚ from top to
bottom. The gray lines show the LDOS for single-layer FeSe superconducting states without impurities. The red lines present
the LDOS close to the impurity (R = 0). The second column: spatial distribution of LDOS at E = Ωr, where Ωr < 0 is the
position of the first resonance peak. The third column: spatial distruibution of LDOS at the second resonance peak, E = −Ωr.
The parameters for numerical calculations are chosen as follows: εd = −∆0/2, V0 = ∆0, and vsos take the same value for
each row. The intensity of LDOS is meV−1, the coherent length ξ = ~vF /∆0 is about 25A˚, or roughly six lattice constant in
single-layer FeSe. The maximum intensities in (b), (c), (e), (f), and (h) are located at R = 0, in figure (i), it is located at about
R = (±0.5ξ,±0.5ξ).
Eqs. (14) and (15), we can get the values of ε˜d and V˜0,
the Green’s functions Gf (E) and Gc(E;k,k
′), and the
LDOS Nc(E,R).
III. NUMERICAL RESULTS
It is difficult to find the analytic solutions of λ0 and
b0 due to the complex band structure. Here we show
the numerical results. Fig. 2(a) shows b20 vs. εd for dif-
ferent hybridizations and different spin-orbit couplings.
One can find that, for each line, when |εd| is greater
than a threshold value |εcd|, the self-consistent equations
(14) and (15) do not have a solution. In other words,
εcd identifies the boundary between two different phases:
when |εd| < |εcd|, the magnetic impurity is coupled to
the single-layer FeSe superconductor (strong coupling
regime); when |εd| > |εcd|, the magnetic impurity and
5the host material are decoupled (isolated magnetic mo-
ment regime). See, e.g., Refs. [15, 49, and 50] and
[51–54] for similar results in d-wave superconductors and
marginal Fermi liquids. Fig. 2(b)-(d) show the phase
diagram for three different spin-orbit couplings, vso = 0,
12meVA˚ and 80meVA˚. We find that the phase boundary
(black lines) for the two cases with finite superconduct-
ing gaps, vso = 0 and vso = 12meVA˚, are very close to
each other. The other case, d-wave pairing with nodes
for vso = 80meVA˚, has a larger strong coupling regime.
In the following studies, we set the parameters located in
regime (II) for all the three cases, such that the resonance
states appears.
Now we analysis the LDOS, Nc(E,R). The first col-
umn in Fig. 3 shows the LDOS close to the impurity,
Nc(E,R = 0), for the three typical different spin-orbit
couplings we considered. The second and third columns
show the corresponding spatial distributions of the res-
onance states in these cases at E = Ωr and E = −Ωr,
respectively (i.e., Ωr/∆0 ≈ −0.135 in Figs. 3(a) and
3(d), Ωr/∆0 ≈ −0.115 in Fig. 3(g)). By comparing both
the positions and the intensities of the resonance peaks in
the first column of Fig. 3, we find that for the two cases
with finite superconducting gaps, the resonance peaks
are very close to each other (the red lines), though the
LDOSs for the host materials (the gray lines) are differ-
ent. Furthermore, the spatial distributions of the first
resonance states at E = Ωr for these two cases shown in
Figs. 3(b) and 3(e) are similar to each other. They both
look rotation symmetric and consistent with the experi-
mental results given in Ref. [43]. More detailed analysis
show that the radii of the localized resonance states in
Figs. 3(b) and 3(e) are about 10A˚, which is the same
magnitude of the resonance states around a Cr adatom
in single-layer FeSe superconductor as shown in [43]. In
addition, the spatial distributions of the second resonance
states for vso = 0 and 12meVA˚ shown in Figs. 3(c) and
3(f) are also similar to each other. This result demon-
strates that the LDOS is insensitive to the strength of the
spin-orbit coupling as long as the superconducting gap is
not closed. For the third case, vso = 80meVA˚, the su-
perconducting gap has eight nodes located in the regime
between the two Fermi surfaces shown in Fig. 1(c). The
LDOS of the quasiparticles for this case near the Fermi
surface reveals linear behavior, Nc(E) ∝ |E| (See the
gray line in Fig. 3(g) for more details). As shown in
Figs. 3(h) and 3(i), the spatial distributions of LDOS
corresponding to the resonance states near E = Ωr and
E = −Ωr are fourfold rotation symmetric, which reveals
the typical characteristic of d-wave pairing potentials.
IV. CONCLUSION
We have investigated the LDOS of the resonance states
near a quantum magnetic impurity in single-layer FeSe
superconductor using the Anderson impurity model cou-
pled to the BdG Hamiltonian proposed in Ref. [24]. In
the strong coupling regime, the LDOS spectrum have
two resonance peaks symmetrically located at the two
sides of the Fermi energy. However, the intensities of
the resonance peaks break the particle-hole symmetry.
Three typical strengths of spin-orbit coupling are con-
sidered, i.e., (1) the vanishing spin-orbit coupling, (2)
a finite spin-orbit coupling keeping the superconduct-
ing gap nodeless (vso = 12meVA˚), and (3) strong spin-
orbit coupling leading to the d-wave pairing with nodes
(vso = 80meVA˚). The spatial distributions of the LDOS
at the resonance energy E = Ωr for the finite-gapped
cases are spatial rotation symmetric, which behave like
the tranditional plain s-wave pairing symmetry and con-
sistent with the experimental results. Especially, For the
second case with vso = 12meVA˚, which has been named
resilient nodeless d-wave pairing and has been used to ex-
plain the superconductivities in single-layer FeSe, our in-
vestigations give positive evidences. The third case with
gap nodes displays typical behavior of the transitional
d-wave pairing. The spatial distributions of the LDOS
appear fourfold rotation symmetry.
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